
Z. Phys. A - Atomic Nuclei 333, 193-202 (1989) 
Zeitschrift fi.ir Physik A 

Atomic Nuclei 
�9 Springer-Verlag 1989 

Source Parameters Deduced from Bose-Einstein Correlations 
of Two and Three Soft Pions 
in Symmetric Heavy-Ion Interactions at 650 A MeV 

R. Bock 1, K.G.R. Doss 2, H.H. Gutbrod ~, K.H. Kampert ~, B. Kolb ~, I. Lund ~, 
H.G. Ritter 2, H.R. Schmidt 1, T. Siemiarczuk ~' 3 and W. Wislicki 1,3 
1 GeseUschaft fiir Schwerionenforschung, Darmstadt, Federal Republic of Germany 
2 Lawrence Berkeley Laboratory, Berkeley, California, USA 
3 Institute for Nuclear Studies, Warsaw, Poland 

Received December 12, 1988 

The analysis of Bose-Einstein correlations for systems of two and three low-momentum 
pions in interactions of Au + Au and Nb + Nb at 650 A MeV kinetic energy are presented. 
The data were taken with the Plastic Ball spectrometer. The pion-emitting source sizes 
obtained from specific three-pion correlations are significantly smaller than those extract- 
ed from two-pion correlations. The dependence of the source parameters on the multiplici- 
ty of produced pions was examined. The low-pt pions are emitted from a larger region 
than the high-pt ones. 

PACS: 25.70.Np 

1. Introduction 

Identical pion interferometry, analogous to the Han- 
bury-Brown and Twiss method in astronomy [-1], has 
become a commonly recognized tool for studying the 
coherence and the dimensions of pion sources. An 
enhancement in the production of identical pions be- 
ing close in phase space is expected from the require- 
ment of a symmetric wave-function under particle 
transposition. With specific assumptions on the distri- 
bution of pion point-sources, the width of this en- 
hancement is used to estimate the spatial and tempo- 
ral dimensions of the pion-emitting region, whereas 
the height of the interference peak is believed to reflect 
the degree of coherence of the pion sources. The 
height of the interference peak is usually decreased 
by resonance production, Coulomb repulsion, strong 
final-state interactions, local charge compensation, 
experimental acceptance etc. Some of these factors 
are difficult to account for quantitatively and conse- 
quently the information about the coherence of pions 
obtained from interferometric measurements is less 
reliable than the extracted source sizes. 

The usefulness of the intensity interferometry tool 
in relativistic ion collisions has already been convinc- 

ingly demonstrated (for a review see [2]). There exist 
interferometric data from equal-mass light-ion inter- 
actions, and from interactions between projectiles of 
light and medium mass and heavy target nuclei. To 
our knowledge only one interferometric study of sym- 
metric heavy-ion collisions has been reported so far 
[3 ] .  

In this article we continue our study of two-pion 
correlations [3] and present the analysis of the inter- 
ference of three positive pions, produced in Nb + Nb 
and Au + Au collisions. The data was taken with the 
Plastic Ball spectrometer and the incident kinetic en- 
ergy of the projectile nuclei was 650 A MeV. We recall 
here the main findings on two-pion correlations re- 
ported in our previous paper [3]. Assuming a Gaus- 
sian distribution of the sources, both in space and 
time dimensions, and using the variables q = IPI -  1121 
and q0 = ]El -E21 where Pl and Ei are the momentum 
and energy of the ith pion in the centre-of-mass sys- 
tem, we obtained the radii of 3.4+_0.4 fm and 
4.8___0.6 fm and the life-times of 3.6___0.8 fm/c and 
5.7 ___ 0.7 fm/c for the Nb + Nb and Au + Au collisions, 
respectively. We have not seen any significant depen- 
dence of the source size on the total charged-particle 
multiplicity. Selection of low cms-momentum pions 
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(p < 80 MeV/c) revealed a large source size of about 
10 fm for the Au + Au interactions and a size of about 
4.5 fm for the N b + N b  system. For  larger pion mo- 
menta the source size decreased, the decrease being 
stronger for Au + Au collisions. 

2. Experiment 

The data we are presenting here have been obtained 
by using the Plastic Ball spectrometer 1-4] at the Beva- 
lac. The Plastic Ball consists of 815 A E - - E  detector 
modules surrounding the target and covering 97% 
of the 4 rc solid angle. Each of the modules represents 
a particle identifying telescope with a slow A E and 
a fast E detector which are read out via the same 
photomultiplier. The A E detector is a CaF2 (Eu) crys- 
tal with a characteristic decay time of 1 ps for the 
emission of the scintillation light and it is read out 
through the E counter which consists of plastic scintil- 
lator material. The light emission of the plastic scintil- 
lator is approximately 100 times faster than that of 
the CaF2 (Eu) so that 90% of the E signal is collected 
within 10 ns. The thickness of the CaF2(Eu ) crystal 
is 4 mm and the plastic E scintillator has a length 
of 35.6 cm. The telescope is capable of identifying 
charged fragments up to helium isotopes and positive 
pions. The most forward angular range of the detector 
(9~176 called the Mall, has a granularity which is 
two times finer than the rest of the sphere. The angu- 
lar separation of the centres of adjacent modules in 
the Mall is 3.5 degrees. The positive pions in the kinet- 
ic energy range of 20-100 MeV can be identified by 
using A E -  E technique. Because of the relatively low 
yield of pions as compared to baryons, the additional 
positive pion identification is made by means of their 
sequential decay r c+~  # + ~  e § The e+-energies ex- 
tend up to 53 MeV and are easily measured in the 
plastic scintillator. A discriminator detects the second 
spike corresponding to the e § and a TDC measures 
the delay time between the n + and e § signals. The 
TDC covers the range between 250 ns and 10 gs and 
about 90% of all n+~l~+--*e  + decays can be re- 
corded, provided the e + deposits an energy greater 
than 1 to 2 MeV in the scintillator. This requirement 
leads to the loss of a few percent of the n +'s. It may 
occur that a positron penetrates into an adjacent tube 
and this could simulate a pion signal if it coincides 
with a baryonic signal in the same tube. This effect 
manifests itself as a spike at A t < 60 ns in an otherwise 
quite flat At spectrum, A t being the time difference 
between the n + and e § signals. In order to discard 
those accidentals, a cut at A t = 60 ns has been applied. 
The following analysis will be based on 102000 and 
67000 events with two or more particles identified 

as positive pions for the Nb + Nb and Au + Au inter- 
actions, respectively. The total number of two-pion 
combinations were 126000 and 90000 for the 
Nb + Nb and Au + Au systems, respectively, whereas 
for pion triplets the corresponding numbers were 
13000 and 14000. 

3. Variables and Reference Distributions 

To deduce the size of the pion source certain assump- 
tions regarding the boson emitting region have to 
be made. In our previous analysis of two-pion correla- 
tions [3] we used a model which assumes a Gaussian 
distribution of point-like pion sources in the spatial 
and temporal variables. The corresponding variables 
were the three-momentum difference q = ]P l -P2[  and 
the energy difference qo=[E1-E2[ .  The Gaussian 
widths in space and time are separately characterized 
by the estimated parameters. These variables, how- 
ever, can not be easily generalized to the three-particle 
case. We adopt here the Q~z-variable, defined for the 
two-particle case as the four-momentum transfer 
squared, which is simply related to the effective mass 
of the pair: 

Q122 = (El + E2) 2 - (Pt + P2) z - (2 m.) z = M z - (2 m~) 2 

For  particles of close energies, Q12 is approximate- 
ly equal to q. By analogy, for three-pion correlations 
the corresponding formula reads: 

21 _c~2 +,~2 +Q23 
123 - -  '~ 12 M-r 

: ( E l  -]- E 2  -]- E 3 )  2 - -  (Pl  ~- P2 -]- P3) 2 - -  (3 m~) 2 

We shall analyze both two- and three-pion corre- 
lation functions by fitting them to the following ex- 
pression: 

C(Q) = N [1 + 2 e x p ( -  QZ r2/2)3 (1) 

where the parameter r characterizes the spatial and 
temporal dimensions of the pion emitting region and 
2, called "chaoticity," measures the degree of coher- 
ence of the pion sources. 

Special attention has been devoted to construct 
the uncorrelated reference distribution. In the two- 
pion case it has been calculated by random selection 
of pions from different events with close total charged- 
particle multiplicities and the same pion multiplicity 
[3]. When studying three-pion system, our intention 
was to look for specific three-pion correlations, irre- 
ducible to two-pion ones. The reference sample was 
generated by random selection of  a single pion from 
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one event and a random pion pair from another event, 
the latter event having the same charged-pion multi- 
plicity and about the same total multiplicity of 
charged particles as the first one. This procedure con- 
serves two-pion effects in the reference distribution. To 
construct the correlation function, the experimental 
distributions were divided by the normalized refer- 
ence distributions. The reference samples used in our 
correlation analysis consisted of one million pion 
pairs and 225 thousands triplets for each reaction. 
To account for possible distortion of the correlation 
function by electromagnetic interaction of pions, we 
have incorporated the Gamov factor [5], defined for 
a pair of pions as: 

G(tl) = t//[exp 01) -- 1] 

where q = 2 ~ e m ~ / q  with ~ being the fine structure 
constant and q the invariant relative momentum of 
the pion pair. The two-pion reference distribution has 
been corrected by weighting each pair with l/G01). 
As Gamov factor for three-pion analysis we used the 
following approximation [8] : 

G(123) = G(12) G(23) G(13) 

where G(ij) is the two-particle Gamov factor of the 
ith and j t h  pions. No attempt has been made to ac- 
count for the strong zc + ~ + and ~ + rc + zc + final-state 
interactions. Precise FSI calculations are hardly possi- 
ble at present. It has been shown recently by Suzuki 
[13], that an uncorrected two-pion correlation func- 
tion underestimates the Bose-Einstein enhancement 
by about 20%, although the significance of this 
number is not clear due to the lack of understanding 
of the pion-production dynamics. The separation of 
final-state interactions and the mechanisms responsi- 
ble for the pion production, as it has been pointed 
out in [14], is intrinsically ambiguous. The validity 
of these calculations was, however, disputed by Bow- 
ler [15], 

4. Basic Characteristics of the Interactions 

We will first present the multiplicity and inclusive 
momentum distributions. The multiplicities of 
charged particles are given in the variable ~r 
--~h/~Art/2, which we will refer to as the "reduced 
multiplicity". Here Jg~ h is the charged-particle multi- 
plicity of the event and .A/'~/2 is the value for which 
the multiplicity distribution of the studied reaction 
have decreased to half the plateau value. In Fig. 1 
the normalized n~ distributions are shown for events 
in which the multiplicity of positive pions is equal 
to two, ~ -- 2 (open circles), or greater than two, ~ > 2 
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Fig. 1. The normalized distributions of the reduced charged particle 
multiplicity in the Nb + Nb interactions for events with two (open 
circles) and more than two (black points) positive pions in the final 
state 
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Fig. 2. The same as in Fig. 1 but  for Au  + Au interactions 

(black points), for the Nb + Nb interactions. Figure 2 
displays the corresponding data for A u + A u  col- 
lisions. It can be seen from the figures that the selec- 
tion of events with ~ > 2 slightly favours more central 
collisions as compared to the ~ = 2 events. In Fig. 3 
the inclusive momentum distribution of pions in the 
centre-of-mass system are shown for all events 
(Fig. 3 a), for events with ~. = 2 (Fig. 3 b) and for those 
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with ~ . > 2  (Fig. 3c). The open (black) points refer 
to the Nb + Nb(Au + Au) interactions. The distribu- 
tions are normalized. For  each of the event selections, 
the pion momentum spectrum stemming from the 
Au + Au interactions is somewhat softer than the one 
from the Nb + N b  collisions. The same tendency is 
seen for the transverse momentum distributions as 
shown in Fig. 4a-c.  

5. Two-pion Correlations 

The two-pion correlation analysis which we previous- 
ly reported [3] was performed with variables different 
from the ones used in this work. We have therefore 
reanalyzed the two-pion data, using the Q variable, 
which enables us to compare the source parameters 
obtained from the two- and three-pion correlations. 
Data  for two-pion correlations are displayed in 
Figs. 5-7 and 8 and in Table 1. In all the figures the 
data are corrected for electromagnetic interactions. 
In Table 1 we also list the values of estimated parame- 
ters in the former q =  IP~-Pzl representation, where 
p, and P2 are the momenta of the two pions in the 
centre-of-mass system. When comparing the numbers 
one sees that both parametrizations give quite similar 
results. This is not surprising since the energy differ- 
ence of the pions in the pairs giving rise to the interfer- 
ence effect is small. In all cases we list the source 
parameters obtained with and without correction for 
electromagnetic interactions. As it can be seen from 
Table 1, only the coherence factor 2 is significantly 
influenced by the Gamov corrections, whereas for the 
source sizes the difference is typically about 0.1 fm 
which is negligible as compared to the errors of the 
fit. 

In Fig. 5 the two-pion correlation functions and 
results of the fits of expression (1) are shown for the 
full Nb + Nb sample (Fig. 5 a), for the ~ = 2 sample 
(Fig. 5b) and for the ~ > 2  selection (Fig. 5c). The 
same data for Au + Au interactions are presented in 
Fig. 6a-c. The N b + N b  system exhibits a smaller 
two-pion source size (r=3.55_0.2 fm) than does the 
A u + A u  system @=5.3_0 .5  fro). In the latter reac- 
tion we obtain a significantly larger source for the 
~. = 2 event sample (r = 7.1 _ 1.9 fro) than for the case 
o f ~ > 2  @=3.1 __+0.3 fm). As can be seen from Fig. 5c, 
for the Nb + N b  system, pion pairs from the e~ > 2 

4 

Fig. 3. a The momentum distributions of pions in the cms of the 
collision for the events with two or more pions. Open circles refer 
to Nb + Nb and black points to Au + Au interactions. The distribu- 
tions are normalized, b The same as in a but for events with only 
two detected pions, e The same as in a but for events with more 
than two detected pions 
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event selection show no significant correlation. In 
order to study the Pt dependence of the correlations 
we selected pions with pt<100MeV/c and pr 
> 100 MeV/c. Figure 7a and b present the two-pion 
correlation function calculated with different Pt selec- 
tion of pions for the Nb + Nb system and Fig. 8 a and 
b show the same analysis for the A u + A u  interac- 
tions. In both cases the significant dependence of the 
pion emitting region on the transverse momentum, 

F i g .  6. a The two-pion correlation function for all A u + A u  interac- 
tions. The curve represents the best fit to the Gaussian model�9 b The 
same as in a but for events with only two detected pions, e The 
same as in a but for events with more than two detected pions 
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selection is observed. The pions with the larger trans- 
verse momenta  are emitted from a smaller source. 
The dependence of the source size on Pt is more pro- 
nounced for Au + Au interactions, r = 7.0 +__ 1.0 fm for 
Pt < 100 MeV/c and r = 3.3 • 0.7 fm for Pt 
> 100 MeV/c. This behaviour is still evident for the 
N b + N b  system where the corresponding radii are 
3.9 ___ 0.3 fm and 2.5 + 0.4 fro, respectively. 

6. Three-pion Correlations 

All the results for pionic triplets are shown in Figs. 9 
and 10. As in two-pion case, only with correction 

for electromagnetic interactions are presented in the 
figures together with the best fits of expression (1). 
The parameters from the fits to both the corrected 
an the uncorrected correlation functions are listed in 
Table 2. The numbers in Table 2 show that, as was 
the case for the two-pion analysis, source radii are 
marginally affected by electromagnetic interaction in 
the final state. The chaoticity parameter, 2, is much 
more influenced by the Coulomb repulsion in pion 
triplets than in pairs. 

In Fig. 9 a and b the correlation functions for the 
N b + N b  and the A u + A u  systems are shown. For  
the A u + A u  interactions we obtain a radius of 
1.51___0.13 fm. The enhancement in the correlation 
function for Nb + Nb is very weak and results mainly 
from Gamov corrections. We obtain a radius of 
0.9 + 0.4 fm for the Nb + Nb system, however, the sig- 
nificance of this number is rather limited as can be 
judged from Fig. 9a. As it was mentioned earlier we 
have not seen any dependence of the two-pion source 
radius on the total charged-particle multiplicity I-3]. 
Leaving aside the Nb + Nb system, for which the mag- 
nitude of the Bose-Einstein effect does not allow any 
multiplicity selection, we divided the Au + Au three- 
pion sample into two intervals of the reduced multi- 
plicity, ~r being less or greater than 0.7 (Fig. 10a, b). 
We obtain a radius of about  1.5 fm in both intervals 
of ~r, thus confirming our previous observation made 
for the like-pion pairs I-3]. 

7. Conclusions and Comments 

To summarize the results of this analysis, we note 
the following observations: 

(i) There are significant three-pion correlations for 
the A u + A u  system and a weak signal for the 
Nb + Nb interactions. For  the Au + Au and Nb + Nb 
collisions the three-pion source sizes are 1.5___0.1 fm 
and 0 .9_  0.4 fm, respectively. These numbers charac- 
terize a specific three-pion effect as the two-pion resid- 
ual correlations are excluded by conserving them in 
the reference distributions. 

(ii) There is a strong dependence of two-pion correla- 
tions on the pion multiplicity for the Au + Au interac- 
tions: the two-pion source size for the ~ = 2  events 
is larger than that for the ~ > 2 events. For  the Nb 
+ Nb interactions we do not see any significant Bose- 
Einstein correlations when we select events with 
~ > 2 .  

(iii) We do not see any significant dependence of 
the source radius on the multiplicity of charged parti- 
cles. 
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Table 1. Two-pion correlations 
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Sample No corrections 

). r(fm) )~2/NDF 

Corrected 

2 r(fm) %2/NDF 

Nb + Nb, Q-variable 

Overall 0.174 -+ 0.022 3.38 + 0.28 1.3 
~ = 2 0.203 ___ 0.028 3.63 _ 0.31 1.3 
Pt < 100 0.293 _ 0.040 3.71 -+ 0.34 1.5 
pt> 100 0.140_+0.031 2.11 +0.47 1.2 

Au + Au, Q-variable 

Overall 0.232 -t- 0.058 5.42 -+ 0.82 1.1 
~ = 2  0.256_+0.131 7.27_+ 1.94 0.8 
~ > 2 0.316 _+ 0.048 3.38 _+ 0.31 1.7 
pt< 100 0.501 _+0.061 7.01 _ 1.57 2.0 
Pt > 100 0.172 _+ 0.070 3.59 + 0.98 0.4 

Nb + Nb, q-variable 

Overall 0.207 _+ 0.025 3.39 + 0.29 1.5 
~ = 2 0.243 -+ 0.030 3.59 • 0.27 1.4 
p, < 100 0.307 • 0.043 3.60_+ 0.35 1.4 
pt> 100 0.159_+0.036 2.16_+0.48 1.1 

Au + Au, q-variable 

Overall 0.221 _+ 0.042 4.79 _+ 0.57 1.6 
~ = 2 0.212 __+ 0.097 6.26 _+ 1.49 1.3 
~ > 2 0.329 __+ 0.048 3.29 ___ 0.29 1.5 
pt< 100 0.519• 6.91 _+0.56 1.8 
Pt > 100 0.142 _+ 0.055 2.79 _+ 0.78 0.9 

0.279 -+ 0.026 3.53 _+ 0.22 1.0 
0.306 _+ 0.032 3.70 + 0.25 1.0 
0.415 _+ 0.049 3.85 + 0.31 1.2 
0.228 + 0.041 2.46_+ 0.40 0.9 

0.380 + 0.061 5.26 • 0.54 1.3 
0.406 + 0.100 7.09 _ 1.92 0.9 
0.428 -t-0.052 3.14_+0.31 1.9 
0.690 _+ 0.098 6.98 • 1.00 1.9 
0.231 _ 0.069 3.33 _ 0.69 0.4 

0.323 -+ 0.039 3.51 __+0.19 1.3 
0.351 • 0.034 3.65 __+ 0.22 1.4 
0.431 -+ 0.050 3.71 __+ 0.29 1.4 
0.229 -+ 0.042 2.31 __+ 0.39 1.1 

0.376 • 0.069 4.81 -+ 0.45 2.6 
0.363 -+ 0.087 6.68 + 0.92 1.5 
0.442 -+ 0.051 3.04 -+ 0.27 2.5 
0.695 +0.078 7.01 +0.67 2.0 
0.252 __+ 0.074 3.07 ___+ 0.63 0.8 

(iv) There is a distinct transverse momentum depen- 
dence of the two-pion source size. Low-p~ pions are 
emitted from a larger region than the high-pt ones. 

There exist many two-pion interferometry mea- 
surements in the literature and very few three-pion 
studies, especially for nucleus-nucleus collisions, and 
there is none for symmetric heavy-ion interactions. 
The authors of [7] reported an enhancement in the 
three-pion effective mass at threshold when studying 
the interactions of deuterium, alpha and carbon nuclei 
with Ta target at 4.2 A GeV/e. They do not ascribe 
any source parameters to the observed correlations. 
Analysis of negative like-pion triplets for heavier Ar 
+Pb304 and Ar+ KC1 systems are presented in [8] 
at 1.8 and 1.5 A GeV, respectively. The authors ob- 
serve larger sources than we do and larger chaoticity 
parameters. They also report approximately the same 
source radii for pion pairs and triplets, which is in 
disagreement with our finding that the source size 
is smaller for pion triplets. There are, however, apart 
from the differences in the beam-target configurations 
and incident energies between their and our experi- 
ment, the differences in experimental cuts made on 
the pion momentum. In [8] a cut on the pion momen- 
ta of Plab > 100 MeV/c was applied to remove possible 
experimental artefacts, whereas in our analysis, due 

to the acceptance of the Plastic Ball spectrometer, 
only soft pions in the momentum range of (77- 
195) MeV/c were analysed. Also, due to acceptance, 
the angular range of the pions in the laboratory sys- 
tem was between 9 ~ and 160 ~ [4]. 

Few other three-pion interferometry results are 
known but from elementary collisions. For negative 
pions originating from the 40 GeV/c rc--p interac- 
tions [9] a peak has been observed at a low effective- 
mass value of three identical pions and this finding 
was interpreted as a Bose-Einstein effect. No estimates 
of the source parameters have been attempted in this 
work. The authors studying proton-proton interac- 
tions at the ISR [111 have not found any three-pion 
Bose-Einstein effect. Identical pions from four differ- 
ent e § e- experiments [10, 14] exhibit very distinct 
three- and two-pion Bose-Einstein correlations, re- 
vealing significantly smaller source radii for the pion 
triplets than for the pion pairs, in qualitative agree- 
ment with our findings. 

For the Nb + Nb case the three-pion effect is very 
weak and, when selecting events with ~ > 2, the two- 
pion effect is marginal. This finding, if taken at face 
value, indicates a larger coherence for the Nb +Nb  
pion-emitting sources as compared to the A u + A u  
system. One possible explanation why the coher- 
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Fig. 9. a The three-pion correlation function for the Nb + Nb inter- 
actions. The curve represents the best fit to the Gaussian model. 
b The same as in a but for Au + Au interaction 
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Fig. 10. a The three-pion correlation function for the Au + Au with 
selection of events with ~ < 0 . 7 .  The curve represents the best fit 
to the Gaussian model, b The same as in a but with the ~,>0.7 
selection 

ence could be smaller for the Au + A u  data might 
be the interference of the many soft pion sources pres- 
ent in heavier systems which eliminates the coherence. 
This mechanism was pointed out by Gyulassy et al. 
[5]. 

Our present results on the Pt dependence of the 
source size, as well the previous report [3] on its 

cms momentum dependence, are in qualitative agree- 
ment with the findings presented in [12], where the 
source size was reported to decrease from 6 to 3 fm 
over the 450 MeV/c interval of the average momen- 
tum of the pions in the pair. These results may sup- 
port the idea of collective expansion associated with 
cooling of the pion emitting source [6]. 
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Table 2. Three-pion correlations 

R. Bock et al.: Bose-Einstein Correlations 

Sample No corrections 

r(fm) z2/NDF 

Corrected 

). r(fm) z2/NDF 

N b + N b  

Overall 

Au + Au 

Overall 0.639 _ 0.103 1.46 _ 0.14 1.2 
~, < 0.7 0.613 _+ 0.223 1.50 __+ 0.31 1.0 
n,>0.7 0.463--+0.111 1.47-1-0.21 0.8 

0.306 + 0.092 0.87 + 0.43 0.9 

0.929 +0.138 1.51 ___0.13 1.0 
0.905 + 0.290 1.55 ___ 0.27 0.9 
0.693_+0.136 1.48_+0.17 0.8 
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